Two new results concerning complements in a semisimple Hopf algebra are proved. They extend some wellknown results from group theory. The uniqueness of a Krull-Schmidt-Remak type decomposition is proved for semisimple completely reducible Hopf algebras.
Introduction
In recent years many concepts and results from the theory of finite groups have been generalized or adapted to the context of (semisimple) Hopf algebras. Simultaneously, many results on the classification of semisimple Hopf algebras have appeared. However some results, such as Kaplansky's conjecture about dimensions of irreducible modules, still remain as open problems. An important class of mysterious Hopf algebras is that of simple Hopf algebras, i.e., those not having normal Hopf subalgebras. It was proven for example that if H is a non-trivial semisimple Hopf algebra of dimension < 60, then H is not simple; see [8] . Thus the smallest example of a simple Hopf algebra is of dimension 60.
Let H be a Hopf algebra and A be a normal Hopf subalgebra of H. We say that A has a complement in H if and only if there is a Hopf subalgebra L of H such that H ∼ = A⊗L as Hopf algebras. In this situation we also say that A is a direct factor of H. Also we say that (A L) is a normal factorization of H.
Recall that (A L) is a factorization of H if the multiplication map : A⊗L → H ⊗ →
is a vector space isomorphism.
In this paper we prove two results on factorizations of Hopf algebras that are analogous to some results from group theory. The first result shows that a factorization with both terms being normal Hopf subalgebras is a normal factorization. The second result concerns the case of factorizations (A L) where just one of the terms, say A, is a normal Hopf subalgebra.
In this situation we show that H ∼ = A#L as Hopf algebras.
Next we apply the previous results to the case of semisimple Hopf algebras. In this situation we can use Theorem 3.1, proven in [2] , to obtain new results for semisimple Hopf algebras. For example, using these results, similar arguments to those from group theory can be applied to obtain a characterization of completely reducible Hopf algebras.
In parallel to the theory of groups, we call a Hopf algebra H completely reducible if it can be written as an internal direct tensor product
of simple semisimple Hopf algebras K λ . The definition of internal tensor product is given in Section 4. For Λ a finite set this coincides with the usual tensor product, see Proposition 4.2.
A Krull-Schmidt-Remak type uniqueness for such a decomposition is proven in the finite-dimensional case.
The paper is organized as follows. In Section 2 we consider factorizations of Hopf algebras. If one factor of the factorization is normal then we show in Theorem 2.2 that one obtains a semi-direct product of Hopf algebras. If both factors are normal, we show in Theorem 2.5 that in this case one obtains the usual tensor product of Hopf algebras. In the proof of both theorems we use the fact that a factorization is the same as a bicrossed product Hopf algebra [5] .
Section 3 applies results of the previous section to semisimple Hopf algebras. The key point of this section is to use Theorem 3.1 inside H in order to write the dimension of AL in terms of dimensions of A, L, and of the intersection A ∩ L.
Section 4 considers completely reducible Hopf algebras and shows the uniqueness of a decomposition of Krull-SchmidtRemak type for finite-dimensional completely reducible Hopf algebras.
In Section 5 we define, in analogy with group theory, the socle of a semisimple Hopf algebra and study the lattice of normal Hopf subalgebras of a semisimple Hopf algebra.
We use the standard notation for Hopf algebras that can be found, e.g., in [7] . We work over an algebraically closed field of characteristic zero.
Factorization of Hopf algebras
In this section we prove two results on factorizations of arbitrary Hopf algebras.
Settings
Let H be a Hopf algebra over a field . 
Bicrossed product
The bicrossed product of Hopf algebras was introduced by Majid in [5] , initially under the name of double cross product.
Recall that a matched pair of bialgebras is a system (A L ), where A and L are bialgebras, : L⊗A → L and : L⊗A → A are coalgebra maps such that (A ) is a left L-module coalgebra, (L ) is a right A-module coalgebra and the following compatibility conditions hold:
is a matched pair of bialgebras then the bicrossed product A L of A with L is the vector space A⊗L endowed with the multiplication given by
where ⊗ is denoted by . Then A L is a bialgebra with the coalgebra structure given by the tensor product of coalgebras. Moreover, if A and L are Hopf algebras, then A L has an antipode given by the formula
for all ∈ A and ∈ L; see [5, Theorem 7.2.2].
Factorization of Hopf algebras
Let H be a Hopf algebra and A, L be two Hopf subalgebras. We say that (A L) is a factorization of H if the multiplication map :
Then by [5, Theorem 2.7.3] it follows that H is a bicrossed product Hopf algebra of A and L. The bicrossed product setting is recovered as follows.
One defines the -linear map
for all ∈ L and ∈ A. Then the actions are given by the formulae:
:
Factorization with a normal factor
In this subsection we prove that for a factorization (A L) of H with a normal Hopf subalgebra A of H one has that H is a semi-direct product of A and L as -algebras.
Proposition 2.2.

Suppose that (A L ) is a bicrossed product of H with A a normal Hopf subalgebra of L. Then A#L ∼ = H as Hopf algebras via the multiplication map φ given by → .
Proof. Let L be acting on A by the adjoint action
. Since A is a normal Hopf subalgebra of H it follows that µ( ⊗ ) = 1 S( 2 )⊗ 3 for all ∈ L and ∈ A. Then the action becomes trivial since
Then formula (1) for the algebra product shows that A#L ∼ = H as Hopf algebras via the map φ.
Corollary 2.3.
Suppose that H is a factorization by A and L. If A is a normal Hopf subalgebra of H then the map φ : L → H//A given by →¯ is an isomorphism of Hopf algebras.
Proof. Clearly, φ is a Hopf algebra map. Define a map
It is easy to see that ψ is well-defined. On the other hand, ψ is clearly the inverse of φ.
A generalization of Proposition 2.2 can be found in the recent preprint [1] . In this paper the author studies factorizations of a Hopf algebra through a normal Hopf subalgebra and a subcoalgebra containing the unit element. In this situation it is shown that one obtains a crossed product Hopf algebra.
Factorizations with both factors normal
In this subsection we prove that for a factorization (A L) of H with both A and L normal Hopf subalgebras of H, one has that H is isomorphic to A⊗L as Hopf algebras.
Proposition 2.4.
Suppose that M and N are normal Hopf subalgebras of a given Hopf algebra H such that M ∩ N = . Then = for all ∈ M and ∈ N.
Proof. Note that
Suppose that (A L ) is a bicrossed product of H and that both A and L are normal Hopf subalgebras of H. Then H ∼ = A⊗L as Hopf algebras via the multiplication map ⊗ → .
Proof. Since A ∩ L = the previous proposition implies that = for all ∈ A and ∈ L. Then clearly µ( ⊗ ) = ⊗ and (2) and (3) show that both actions and are trivial. In this situation (1) shows that H is the tensor product of A and L.
Factorization of semisimple Hopf algebras
In this section we apply the results from previous sections to the case where H is a semisimple Hopf algebra.
The following theorem, proven in [2] , is needed in the sequel. 
Here, for a vector space V we denote by |V | its dimension as a vector space.
Next we prove the following corollary, a result similar to the well-known result on normal complements for groups:
Suppose that A and L are semisimple Hopf subalgebras of a Hopf algebra H such that A ∩ L = . Moreover, suppose that A is a normal Hopf subalgebra of H. Then A#L ∼ = AL as Hopf algebras via the multiplication map φ given by ⊗ → .
Proof. By Lemma 2.1, AL is a Hopf subalgebra of H.
Define the adjoint action of L on A by = 1 S( 2 ) and form the smash product A#L; see [4] . It can easily be checked that the map φ defined above is a surjective algebra map. Indeed,
Since A and L are semisimple it follows that AL is also a semisimple Hopf algebra. Indeed, by [ Proof. As before it follows that AL = LA. Proposition 2.4 implies that = for all ∈ A and ∈ L. Define φ : A⊗L → AL by ⊗ → . Note that φ is a surjective algebra map. Clearly, φ is a coalgebra map. Since by (4) one has |AL| = |A|·|L|, it follows that φ is an isomorphism of Hopf algebras.
Projection maps
The treatment of this subsection follows [9] . 
Suppose that H ∼
Proposition 3.4.
With the above notation, for = 1 2, the maps π satisfy the following:
• π are Hopf algebra maps.
• π are normal endomorphisms (morphisms of adjoint modules).
• π 2 = π under composition.
Proof. Straightforward computations.
Theorem 3.5.
Let H be a semisimple Hopf algebra. There is a bijection between exact normal factorizations of H ∼ = A⊗L, with A L semisimple Hopf algebras, and the set of pairs of two orthogonal normal idempotents {π
1 π 2 } satisfying the above properties.
Proof. In the previous proposition we have shown how to associate a pair of normal endomorphisms with the above properties to any exact normal factorization of H. Conversely, given π as above let A = π 1 (H) and L = π 2 (H). Then A and L are normal Hopf subalgebras since π 1 and π 2 are normal endomorphisms. Note that A ∩ L = . Indeed, if ∈ A ∩ L then = π 1 ( ) = π 2 ( ) for some ∈ H. Thus π 1 ( ) = π 2 1 ( ) = π 1 ( ) = and on the other hand π 1 ( ) = π 1 π 2 ( ) = ( )1 which implies that is a scalar.
2 ) ∈ AL which shows that H ⊂ AL. Theorem 3.3 implies that H ∼ = A⊗L is a normal factorization.
Completely reducible Hopf algebras
In this section we prove a few results on semisimple completely reducible Hopf algebras.
For a set of Hopf subalgebras {K λ } λ∈Λ of H, denote by K λ : λ ∈ Λ the Hopf subalgebra of H generated by all these Hopf subalgebras, which coincides with the subalgebra of H generated by {K λ } λ∈Λ . In analogy with group theory we give the following definition of internal tensor product.
Definition 4.1.
We say that H is the internal tensor product of the family of Hopf subalgebras {K λ } λ∈Λ and write
The next result shows that for semisimple Hopf algebras finite internal tensor products coincide with the usual tensor products.
Proposition 4.2.
Suppose that Λ = {λ 
Remark 4.3.
It will be interesting to study whether the internal tensor product as defined above coincides with the usual tensor product if Λ is infinite or if at least one of the Hopf subalgebras K λ has infinite dimension. Certainly this is the case for groups; see [9] .
Definition 4.4.
A Hopf algebra H is called completely reducible if it can be written as a direct tensor product
where K λ are simple semisimple Hopf algebras. Such a decomposition will be called a Krull-Schmidt-Remak type decomposition of H in analogy with the group situation.
Theorem 4.5.
Suppose that
completely reducible semisimple Hopf algebra and K is a normal Hopf subalgebra of H. Then there is P ⊂
Proof. Since H is semisimple it follows that Λ is a finite set. One may assume that K = H. Let
The set S is not empty. Indeed, since H = K there is λ such that K λ K . Since K λ is simple it follows that K ∩ K λ = and Theorem 3.3 implies that {λ} ∈ S. Since S is finite it has a maximal element denoted by M.
As K λ is a simple Hopf algebra, it follows that K λ ⊂ L and thus L = H.
Then, applying Corollary 2.3, the composition of the maps K → H// λ∈M K λ → K given by →¯ → is the composition of two Hopf algebra isomorphisms and therefore it is a Hopf algebra isomorphism too.
The previous theorem implies the following corollary which says that a finite Krull-Schmidt-Remak type decomposition is unique up to a permutation. Proof. By the previous theorem,
L for some set Λ 1 . Since K 1 is simple it follows that Λ 1 = {σ (1)} for some element σ (1) ∈ {1 }. Then one can continue arguing in the same way for all the other Hopf subalgebras K .
Recall from the introduction that a direct factor of H is a normal Hopf subalgebra K of H such that there is a normal Hopf subalgebra L of H with (K L) an exact normal factorization of H.
The next theorem can be regarded as a converse to the previous theorem. It generalizes Head's theorem from groups; see [9, 3.3.13 ].
Remark 4.7.
The lattice of normal Hopf subalgebras of a semisimple Hopf algebra is finite. This can be deduced from [3, Theorem 2.4] for example. From this theorem to any normal Hopf subalgebra K one can associate uniquely a central character
here the sum ranges over all χ ∈ Irr H with ker H χ ⊃ K .
Conversely, recall the notion of kernel of a character introduced in [3] . To any such central character one can associate a normal Hopf subalgebra of H, namely K = ker . Since Irr H is finite it follows that the lattice of normal Hopf subalgebras of H is also finite.
Theorem 4.8.
Let H be a semisimple Hopf algebra such that any normal Hopf subalgebra of H is contained in a direct factor of H. Then H is completely reducible.
Proof. Let L be the Hopf subalgebra generated by all simple normal Hopf subalgebras of H. From Remark 4.7 it follows that L is completely reducible. Thus if L = H we are done. Suppose that L = H and let ∈ H \ L. There is a normal Hopf subalgebra M which is maximal with the property that L ⊂ M and / ∈ M.
The hypothesis implies that M is contained in a direct factor K with H ∼ = K ⊗K . Since K is not trivial, it follows that ∈ M ⊗K by maximality of M. Also by (4) 
and H ∼ = M ⊗K . If K is a normal Hopf subalgebra of K then it is easy to see that K is normal in H. Then M ⊗K lies in a direct factor of H. But it has already been shown that M cannot be contained in any direct factor of H except M itself. Thus K is simple and therefore K ⊂ L which is a contradiction. Thus L = H is a completely reducible Hopf algebra.
Socle of a semisimple Hopf algebra
The socle of a group is the subgroup generated by all minimal normal subgroups. Since the product of normal subgroups is a subgroup, it follows that the socle of a group is the direct product of some of its minimal subgroups. Using Theorem 2.5 a similar fact can be proven for semisimple Hopf algebras. Proof. Since N ∩ M is a normal Hopf subalgebra of H, by the minimality of M and N it follows that M ∩ N = .
Then one can apply Theorem 3.3.
By analogy with group theory, one can define the socle of a Hopf algebra as the Hopf subalgebra generated by all minimal normal Hopf subalgebras.
Theorem 5.2.
The socle of a semisimple Hopf algebra is the tensor product of some of its minimal normal Hopf subalgebras.
Proof. Let 
As L 3 is a minimal normal Hopf subalgebra and
Hopf subalgebras where
On the lattice of normal Hopf subalgebras of a semisimple Hopf algebra
Let H be a semisimple Hopf algebra. In this subsection we will show that there is an anti-isomorphism of the lattices of normal 
